Proof of Form of H~!
Recall the definition of the matrix H € RX¥L where L = ”("T_l)

4 if(l] =ﬁ1&a/2 2182
H, g=(wq,wg)=30 ifa#p&a #Hh&ay+#pi&ar+
1 otherwise

The main result of this note is an explicit form of H~' which will be the focus of Lemma 2. In the proof of Lemma 2, a
certain form of the basis v, is used. The form is conjectured by inspection of the basis v, for the case when # is small. We
start by stating and proving this form.

Lemma 1. Given an index (i, j) with 1 <i < j < n, the matrix v; ; has the following form.
Vij = Wi+ Pij+ 4
The matrices W;;, p;,j and q;; are respectively defined as follows.

n—1 n—1 n-172+1 n-12+1
w,-,jz - — e

€iit €j ij i
n? n2 M 2n? ! 2n? !

where e, o, is a matrix of zeros except a 1 at the location (a1, @3). p;j has the following form.

2n—4 2n—4
pij= Z e €t Z n €s,j

tLIELIE] S,S#ELSE]

qij is defined as follows.

qi;j = Z €t
(7,5),(1,8)#(i, )

where (t, s) # (i, j) is defined as {t, s} N {i, j} = @.

Proof. To make the proposed form concrete, before proceeding with the proof, consider the following example.

Example 1: The form of v;, Consider the case where n = 5. Using the proposed form, the matrix v;, can be written as
follows

Vip = Wi+ P2t qip

where
4 -2 000
-7 4 000
Wia==—|0 0 0 0 0
Blo 0 00 0
0O 0 000
0 0 15 15 15
(o 0 15 15 1S
p1,2=2— 1.5 15 0 0 0
15 15 0 0 0
1515 0 0 0
and
00 0 0 0
(o0 0 o0 o
qo==—10 0 -1 -1 -1
Bl 0 -1 -1 -1
0 0 -1 -1 -1



Therefore, v, » has the following explicit form

4 -1 15 15 15

-2 4 15 15 15
vip==-|15 15 -1 -1 -l
Blis 15 -1 -1 -

1.5 15 -1 -1 -1
As a first step simple check, consider (v;, , w,) which results %(8 +17) = 1 as desired.

The proof of Lemma 1 relies on showing that v; ; is dual to w; ;. Since the dual basis is unique, establishing duality will
conclude the proof. The result will be shown considering different cases.

Case 1: <’U,‘J . ’U.J,',j>

(ij,wij) ={(W;+pi;+qj,w;) = (W, w;)+(Pij,wi;)+{qj, W,
_2n=1) 2-1?+2
T 2 2n?

+0+0=1
The second to last equality follows since (p; j, w; ;) = 0. and {(q; ; , w; ;) = 0.

Case 2: (v j, W, p) for (i, j) # (@, )

(Vijs Wa,p) = (Wi j + Pij+ qij,Wap) = (Wij, Wap)+{Pij> Wap)+{qij> Wap)
=0+0+0=0

Case 3: (v;j, W) for {i, j} N {a, B} # @
Ali=aand j# 8

(Vi j, Wa,p) = (Wi j + Pij+ qij,Wap) = (W, Wapg) +(Pij> Wa,p) +{qij,Wap
=0+0+0=0

B.i#aand j=p

(Vij, Wa,p) = (Wi j + Pij+ qij,Wap) = (Wi, Wapg) +(Pij>Wa,p) +{qij,Wap
=0+0+0=0

C.i=fand j#«

(Vi j, Wa,p) = (Wi j + Pij+ qij,Wa,p) = (Wi, Wapg) +(Dij>Wa,p) +{qij,Wap
=0+0+0=0

D.i#pBand j=«a

(Vjj, We,p) = Wi j + Pi,j + qi,j, Wa,p) = (W j, Wq,g) +{Di,j, Wa,p) +(qij, Wa,p)
=0+0+0=0

With this, it can be concluded that the basis {v; ;} is dual to {w; ;} and the proposed form is established. ]
The next Lemma uses the result of the above Lemma to derive an explicit form of the matrix H~'.

Lemma 2. The inverse of the matrix H, H™', has the following explicit form

mn-1)7%+1 .
WYL ey =p&ar =
1 2n
HQ’B=<'Uas'U[3>= ? ifar #B1&a) #B&ar #B1 &ay # 3
-2
4—2’1 otherwise
n



Proof. We consider three different cases.
Case 1: (v;j,v;;)
(Vij, Vi) =W+ Pij+ qij,Wij+Pij+qij)
=W ;,W; ;) +{Pij.Pij) +{qij,q;
— 12 12 H1P (204 1
_ 4)+2F” ) ] +(” )%n—b+—{n—bz
2n? n*

n 4n?
-1+
a 2n?

The second equality uses the fact that (w0, ;, p; ;) = 0, {(p;;,q; ;) = 0 and W, j, q;; = 0. The third inequality simply uses the
definition of b, ;, p; ; and q; ;. The last result follows after some algebraic manipulations.

Case 2: (v;j, Va p) for (i, j) # (@.B), {i, )} N {a, B} = @

(Vi j,Va,p) =(Wij+Dij+qij, Wa,p+ Pa,g + qo,p
=W j , Wa,pg) + (Wi j,Pa,p) + (Wi, qa,p)+
(Pi,j > Wa,p) +{Pij»Pa,p) +Pij>qa,p) +{Qi,j > Wa,p) +{qQi,j , Po,p) +{qi,j » Qo, )

Each term will be evaluated separately.
1. {W; j, W, p) = 0 since for (i, j) # (@, B), W, ; and W,, s have disjoint supports.
2. (W, Pa,p) = 0 since for (i, j) # (@, ), W; ; and p, g have disjoint supports.
3. Consider {(; ; , qo,p)-
(Wi}, qo,p) = [W;;1iilqa.plii + [Wi;];1qa.plj; + [Wi})ij[qa.pli; + [Wi)]ilqa.pl)i

m—n+m—m+1

=-2—

n nt

4. (pi,j, Wq,p) = 0 follows by a similar argument as 2.

5. Consider (p; j , Do, p)-

(Di,j>Pao,p) = Z [pijlis[Pa,plis + Z [Dijli[Pa,pljs + Z [pijls,i[Pa.plsi + Z [Dil11,i[Pa,pls,

S, S#LSE ] LIFLIE] S,SF#1L,SF ] LIFLIE]
=[pijlialPa.plia + [Pijli plPa,plip + [PijljalPae.plj e + [Pijl;plPepljp+
[Dijlo,ilPa.gla,i + [Pij1p,i[Pa,plp.i + [Pijla, j[Pa,ple, j + [Pijl, j[Pa,glg, j

_Szn—42_2m—2f
o\ 42 ) s

6. Consider (p; j , qa.p)-

(Pijqa,p) = Z [pijliilda,plis + Z [pijl;s(Ga,pljs + Z (i 1[4, plii + Z [pij15,i[qo,Bls,j
tIELIE] S,SELSE] LIELIE] S,SELSE]
-4 1 2(n - ) - 2)
e e R

The first equality follows since it suffices to consider (p;;,q. ) on the support of p;;. The second and last equality
result from the following analysis. Restricted to the support of p;;, the matrix q, g is non-zero except at the entries

[Go.pli, 00 [Qe,glips [Qa, plais (9ol is (Ao, 8lj a5 [Qa,glj g5 [Qe,ple,j and [ga, glg,;- Using this and the fact that p; ; has 4(n — 2)
entries, [supp(p;,j) N supp(qo,p)l = 4(n — 2) — 8 = 4n — 16. With this, the final form above follows.

n-1) m-17%+1
24"'4

7.4qij, Wa,p) = — follows by a similar argument as 3.

n n



2(n—4)(n-2
% follows by a similar argument as 6.

8.4qij>Pap) = —
9. Consider (q; ; , qo,p). Since (i, j) # («, B), both g; ; and q, g have non-zero entry at (s,?) if and only if s # i, s # j, 5 #
a,s #B,t #i,t# jt#aandt # . Therefore, [supp(q; ;) N supp(qep)l = (n—H(n—-4) = (n - 4)? given the n — 4 choices
for s and n — 4 choices for ¢. {q; j , q,,5) can now be written as follows

1\ 1 _ 4y
@i ded= D [Gullduglss = (1= 47 (—;) (——) S

2 4
n n
(s,1)€ supp(q;, ;) )Nsupp(qa, 5)

Therefore, (v; ;, vy, ) is the sum of the above terms.

— —1)2 — )2 _ _ _ A2
n 1+2(n 1)+1+2(n 2) _4(11 H(n 2)+(n 4) :1

4 4 4 4 2

(Ui,j s ’Ua,ﬁ> =-4

n n n nt n n

The last equality follows after some algebraic manipulations.
Case 3: (v j, Vo,p) for {i, j} N {a, B} # @
A.i=aand j#p.

(Vi j,Va,p) =(Wij +Dij+qij, Wa,p+ Pa,g + qo,p)
=W j , Wa,p) + (Wi j,Pa,p) + (Wi, qa,p)+
(Pi,j» Wa,p) + Dij>Pa,p) + (Pij>qa.p) +{Qij > Wa,p) +{qQij>Pa,p) +{qij » Do,

Each term will be evaluated separately.

L N ~ (n—1)°
L AW j , We,p) = [W;lii[We,plii = prat

2. Consider (W; j , Pa.p)-

2n—-12+2\(2n—-4
<7I)i,j’pa/,ﬁ> = [ﬁ)i,j]i,j[pi,j]i,j + ['Lbi,j]j,i[pi,j]j,i = _( (n ) + )( n )

2n? 4n?
(=D - 12+ 1]
- 2n*

- ~ n—1 1 n-1
3.4Wij, qo,p) = (Wil jlGeplsj = 2 (_ﬁ) =T A

(n-2)[(n- 1)2 + 1]
2nt

4.(pij, Wa,p) = — follows by a similar argument as 2.

5. Consider (p; ; , Pa,g)-

Z [pij)is[Pa.plis + Z [pijjiPa.plic + Z [pij)s.ilPa.plsi + Z [Di11,j[Pa.pls,

S, SELSE] LIFiE] S, S#L,SE ] LIFLI#]

Z [Dijlis[Pa.plis + [Pij]jpPa,plip + Z [Di15,i[Pa.plsi + [Pij)1,8[Pa,gli
S,SFELSE] S,SELSE]
-4\ 2n- -4\ 2n-4
4n? 4n? 4n? 4n?

2n—4)2_l(n—2)3

(Pi,j>Pa,p)

=(n—3)( 4+(n—3)(

4n? T2 ont

=2(n-2)(n - 3)(

The second line follows since [p; g];, = O for all 7 except t = S and ¢ = i and [p; g],; = O for all # except t = B and ¢ = i. The
third line uses the fact that [p; gl;; # O for all # except t = i and ¢t = 5 and [p; gl;; # O for all  except ¢ = i and ¢ = 8. The final
equality results after some algebraic manipulations.



6. Consider (p; j , qa.p)-

(Pij»qa,p) = Z (pilislGa.plis + Z (Pi1)s[a.pljs + Z (pijliilGa.plii + Z [pij15,j1q0. 85,

tt#ELLE] S,SELSE] LIELIE] S,SELSE]
=0+ Z [pij]js[da,pljs + 0+ Z [pi;15./[qe.pls.j
$,8FL, 8% ] S, SELSE ]
2n—-4 1 n—-3)n-2
24 (1) = 3a-2)
4n? n2 nt

The first equality follow since it suffices to consider {p;;, go,g) on the support of p;;. The second equality results since
lgiglis = [giplii = O for any ¢ . The third and last equality result from the following analysis. Restricted to the support
of p; ;, the matrix g; 4 is zero except at the entries [g; g] ;s and [q; gl,,; for all j # B. With this, |supp(p; ;) N supp(qe,p)l =
2[(n — 2) — 1] = 2(n — 3) and the final form follows.

7.4qij, Wep) = _n 7 follows by a similar argument as 3.
n

follows by a similar argument as 6.

-3)n-2
8.4qi,jsPap) = —%

9. Consider (g, ; , go,p)- Since i = « and j # (@, B), both g; ; and q,, g have a non-zero entry at (s,7) if and only if s # i, s #
a,s #f,t #i,t# j,and t # 5. Therefore, [supp(q;, ;) N supp(qo.p)l = (n —3)(n —3) = (n - 3)? given the n — 3 choices for s
and n — 3 choices for ¢. (q; ; , o, ) can now be written as follows

1 1 -3)?
(Qij»Ga.p) = Z (i, /15.[Ga.plss = (n = 3)? (—;)(—;) = n T )

n
(s,1)€ supp(qi;, j)Nsupp(ga, 5)

Therefore, (v; j , Vq,p) i the sum of the above terms.

(n—- 1)2 (n-2)[n- 1)2 + 1] n—-1 1(n—- 2)3 n-3(n-2) - 3)2

<'U,"_]',’U(,!ﬁ>= p” + - 7 -2 o +§ o -2 o + o
_2-n

w2

n

The last equality follows after some algebraic manipulations.

Now the following three cases remain: i # @ and j = ,i = fand j # e andi # §and j = a. However, since v; ; is symmetric
the above argument can be adapted to these three cases by interchanging indices as appropriate. This concludes the proof.
O

Remark: A short proof of the form of H~! might be plausible. The main technical challenge has been the locations of 1
and 0’s in H which does not lend itself to simple analysis.



